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Abstract
This work is about a new class of martingales: the vertical martin-
gales. We construct the vertical martingale for smooth submersions and
we develop a stochastic calculus for one. Furthermore, we give a stochastic
characterization for harmonic sections.
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1 Introduction
Let π : E → M be a Riemannian submersion with the totally geodesic fibers
property and denote by ∇g the Levi-Civita connection on E. Since π is a
submersion, it is possible to define the vertical spaces by VpE = ker(π∗p), p ∈ E.
We also define the vertical connection∇v on E by vertical projection of the Levi-
Civita connection ∇g into VpE. With this hypothesis, in [13], C.Wood defines
a harmonic section being a section σ of π such that
τvσ = tr∇
vσv∗ = 0,
where σv∗ is the vertical projection of σ∗ into V E. In fact, Wood shows that this
definition is consistent with a minimal solution of the vertical energy functional.
Our work has its main idea based on harmonic sections. We explain it. It
is well-known that there is a stochastic characterization for harmonic maps (see
for example [3] or [4]). In a nutshell, if M is a Riemannian manifold, N a
smooth manifold with a symmetric connection and φ : M → N a smooth map,
then φ is a harmonic map if and only if φ sends Brownian motions in M into
martingales in N . However, harmonic sections ask the vertical connection on
the target manifold. So, to construct a stochastic characterization for harmonic
sections is necessary a new concept of the martingale: the vertical martingale.
The environment of our work is more general that is used byWood. Let E,M
be smooth manifolds such that there exists a submersion π : E → M . We also
endow E with a symmetric connection. The stochastic calculus on manifolds
says that to define a martingale is necessary the concept of the integral of Itoˆ.
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In this way, before to define the vertical martingales we need to construct the
vertical Itoˆ integral. Based in the Rank theorem, we can define the vertical
Itoˆ integral using the Schwartz Theory. Furthermore, we define the vertical
Stratonovich integral and to show a formula of changes between both.
A way to show the stochastic characterization of harmonic maps is to use
the geometric Itoˆ formula (see for example [3]). In the same line, we construct a
geometric Itoˆ formula for the vertical Itoˆ integral and the vertical Stratonovich
integral. Both are useful. The geometric Itoˆ formula is used to give a stochastic
characterization for the vertical harmonic maps.
The stochastic characterization of the vertical harmonic map directly gives
that a section σ :M → E of π, whereM is a Riemannian manifold, is harmonic
section if and only if σ sends Brownian motions into vertical martingales.
As applications we study the vertical martingales in the tangent space TM
endowed with the complete lift connection or the Sasaky metric and, conse-
quently, we conclude that every harmonic section with values in TM is the
0-section. Furthermore, we study the vertical martingales in the Riemannian
principal fiber bundle.
2 Preliminaries
We begin by recalling some fundamental facts on Schwartz Theory and stochas-
tic calculus on manifolds. We shall freely use concepts and notations from S.
Kobayashi and N. Nomizu [8], L. Schwartz [12], P.A. Meyer [9] and M. Emery
[4]. A quick survey in these concepts is described by P. Catuogno in [3].
LetM be a smooth manifold and x ∈M . The second order tangent space to
M at x, which is denoted by τxM , is the vector space of all differential operators
on M at x of order at most two without a constant term. Taking a local system
of coordinates (x1, . . . , xn) around at x we can write every L ∈ τxM , in a unique
way, as
L = aijDij + aiDi,
where aij = aji, Di =
∂
∂xi
and Dij =
∂2
∂xi∂xj
are differential operators at x
(we shall use the convention of summing over repeated indices). The elements
of τxM are called second order tangent vectors at x, the elements of the dual
vector space τ∗xM are called second order forms at x.
The disjoint union τM =
⋃
x∈M τxM (respectively, τ
∗M =
⋃
x∈M τ
∗
xM) is
canonically endowed with a vector bundle structure over M , which is called the
second order tangent fiber bundle (respectively, second order cotangent fiber
bundle) of M .
Let M,N be smooth manifolds, F : M → N a smooth map and L ∈ τxM .
The differential of F , F∗(x) : τxM → τF (x)N , is given by
F∗(x)L(f) = Lx(f ◦ F ),
where f ∈ C∞(N).
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Let L be a second order vector field onM . The square operator of L, denoted
by QL, is the symmetric tensor given by
QL(f, g) =
1
2
(L(fg)− fL(g)− gL(f)),
where f, g ∈ C∞(M). Let x ∈ M . We consider Qx : τxM → TxM ⊙ TxM as
the linear application defined by
Qx(L = aijDij + aiDi) = aijDi ⊙Dj .
Push-forward of the second order vectors by smooth maps is related to the
so called Schwartz morphisms between second order tangent vector bundles.
Definition 2.1 Let M and N be smooth manifolds, x ∈ M and y ∈ N . A
linear application F : τxM → τyN is called Schwartz morphism if
1. F (TxM) ⊂ TyN ;
2. for all L ∈ τxM we have Q(FL) = (F ⊗ F )(QL).
A linear application F : τxM → τyN is a Schwartz morphism if and only if
there exists a smooth map φ : M → N with φ(x) = y such that F = φx∗ (see
for example Proposition 1 in [5]).
Let (Ω, (Ft),P) be a filtered probability space which satisfies the usual con-
ditions (see for instance [4]).
Definition 2.2 Let M be a smooth manifold and X a stochastic process with
values in M . We call X a semimartingale if, for all f smooth on M , f(X) is
a real semimartingale.
L. Schwartz has noticed, in [12], that if X is a continuous semimartingale in
a smooth manifold M , the Itoˆ’s differentials dXi and d[Xi, Xj ] (where (xi) is a
local coordinate system and Xi is the ith coordinate of X in this system) behave
under a change of coordinates as the coefficients of a second order tangent vector.
The (purely formal) stochastic differential
d2Xt = dX
i
tDi +
1
2
d[X i, Xj]tDij ,
is a linear differential operator on M , at Xt, of order at most two, with no
constant term. Therefore, the tangent object to Xt is formally one of second
order. This fact is known as Schwartz principle.
From now on we assume that all semimartingales are continuous.
Let Xt be a semimartingale in M . Let ΘXt ∈ τ
∗
Xt
M be an adapted stochas-
tic second order form along Xt. Let (U, x
i) be a local coordinate system in
M . With respect to this chart the second order form Θ can be written as
Θx = Θi(x)d
2xi + Θij(x)dx
i · dxj , where Θi and Θij = Θji are (C
∞ say) func-
tions on M . Then the integral of Θ along X is defined, locally, by
∫ t
0
Θd2Xs =
∫ t
0
Θi(Xs)dX
i
s +
∫ t
0
Θij(Xs)d[X
i, Xj]s. (1)
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Let b be a section of T 20 (M), which is defined along Xt. The quadratic
integral of b along Xt is defined, locally, by
∫ t
0
b (dX, dX)s =
∫ t
0
bij(Xs)d[X
i, Xj]s,
where b(x) = bij(x)dx
i ⊗ dxj and bij are smooth functions. Here, we observe
that both integrals
∫ t
0 Θd
2Xs and
∫ t
0 b (dX, dX)s are well defined. To see these
facts we refer the reader to [4].
Let M be a smooth manifold endowed with a symmetric connection ∇M . In
[9], P. Meyer showed that for ∇M there exists a section ΓM in Hom(τM, TM)
such that ΓM |TM = IdTM and Γ
M (AB) = ∇MA B, where A,B ∈ TM . We also
say connection to ΓM .
Let M be a smooth manifold endowed with a symmetric connection ΓM .
Let X be a semimartingale in M and θ be a 1-form along X . The Itoˆ integral is
defined by
∫ t
0 θd
MX :=
∫ t
0 Γ
M∗θd2Xt. Furthermore, X is said a ∇
M -martingale
if for every 1-form θ on M we have that
∫ t
0 θd
MX is a real local martingale.
Definition 2.3 Let M be a Riemmanian manifold with a metric g. A semi-
martingale B in M is called a Brownian motion if
∫ t
0
θdgBt is a real local mar-
tingale for all θ ∈ T ∗M , where Γg is the Levi-Civita connection, and for any
section b in T 20 (M) we have
∫ t
0
b(dB, dB) =
∫ t
0
tr bBsds. (2)
3 Vertical connection
Let E,M be differential manifolds such that there is a smooth submersion
π : E → M . Let us denote the vertical distribution by V E = ker (π∗) and
vertical projection by v : TE → V E. A vector field X on E is called vertical
if Xp ∈ VpE for all p ∈ E. Analogous, a 1-form θ is called vertical form if
θ(p) ∈ V ∗p E for all p ∈ E.
Let p ∈ E, by Rank Theorem, there exist a coordinate (x1, . . . , xm, v1, . . . , vk)
of some neighborhood U ∋ p such that
π(x1, . . . , xm, v1, . . . , vk) = (x1, . . . , xm), (3)
where (x1, . . . , xm) is a coordinate of a neighborhood V ∋ π(p). The possibility
of choice these coordinates, is fundamental to construct the vertical martingale.
Taking the coordinates (3) we obtain in TpE the coordinate basis
{D¯1(p), . . . , D¯m(p), D1(p), . . . , Dk(p)}, where D¯i = ∂/∂x
i, i = 1, . . .m, and
Dα = ∂/∂v
α, α = 1, . . . k. It is clear that {D1(p), . . . , Dk(p)} are vertical vec-
tors in TpE and it also spans the vertical space VpE. Also, in coordinates (3),
a second vector L in τpE is written as
L(p) = aαβDαβ(p) + aijDij(p) + aαjDαj(p) + aαDα(p) + aiDi(p).
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We denote by VpE the subspace spanned by {Dαβ, Dαj , Dα;α, β = 1, . . . , k}.
Here, we observe that VpM is the kerπ∗(p). We denote by VE =
⋃
p∈E VpE
and by v : τE → VE the vertical projection.
Given a symmetric connection ∇E on E, in each fiber π−1(x), x ∈ M , we
can induce a connection ∇x from the connection ∇E . In this way, ∇x is the
vertical projection of ∇E on π−1(x) for vertical vector fields. For our purpose
we generalize this concept in the following way: let U be a vertical vector fields
on E and X a vector field on E, we define the vertical connection on E by
∇vXV = v∇
E
XV .
Now we want to see the vertical connection in the context of second order.
As ΓE is a linear homomorphism from τE into TE we can restrict ΓE to VE.
A little bit more, we take Γv(L) = vΓE(L), where L ∈ VE. The connection Γv
is the object that is associated with ∇v. In fact, if V,X are a vertical vector
fields and a vector field on E, respectively, then XV is a second vector field in
VE. A simple account gives Γv(XV ) = ∇vXV .
Another way to view the vertical connection ∇v on E is as a horizontal
distribution on the frame bundle BE of E. We describe in the following this
fact. Denote by πBE the natural projection of BE into E. We can decom-
pose each tangent space TpBE into the direct sum of the vertical subspace
VpBE = Ker(πBE∗(p)) and the horizontal subspace H
v
pBE of the tangent at p
of horizontal lifts of curves in M . We recall that if γ : I → E is a curve in E,
the horizontal lift of γ to BE can be written as the composition
γH
v
p (t) := P
∇
v
t,0 (γ) ◦ p,
where P∇
v
t,s (γ) : Tγ(s)E → Tγ(t)E is the parallel transport along the curve γ.
4 Vertical integral of Itoˆ and Stratonovich
These three different way to view connection allow us to work with martingales
in the following contexts: in second order context introduced by P. Meyer [9], in
local coordinates system, founded in [4], and by the context of horizontal lifts
and development, founded in [7]. Due the nature our work, we choose introduce
the vertical martingales through the second order context. However, it is a
direct consequence the equivalence with other context, see Proposition 4.1.
We now proceed to construct an integral of Itoˆ for the vertical connections.
Let X be a semimartingale in E. Adopting the coordinates (3) we obtain, by
Schwartz principle,
d2Xt = dX
α
t Dα+dX
i
tDi+
1
2
d[Xα, Xβ]tDαβ+
1
2
d[X i, Xj]tDij+
1
2
d[X i, Xβ]tDiβ .
Since that d2Xt ∈ τXtM , we can project it into VXt(E), that is,
v(d2Xt) = dX
α
t Dα +
1
2
d[Xα, Xβ]tDαβ +
1
2
d[Xα, Xj]tDαj .
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Let ΘXt be an adapted stochastic second order form along Xt such that
ΘXt ∈ V
∗
Xt
M . We take the coordinates (3) in E. With respect to these coordi-
nates the second order form Θ can be written as
Θp = Θαd
2vα(p) + 0Θαβdv
α · dvβ(p) + Θαjdv
α · dvj(p),
where Θα, Θαβ = Θβα and Θαj = Θjα are (C
∞ say) functions in E. From
definition of the integral (1) we can see that
∫ t
0
Θd2Xs =
∫ t
0
Θα(Xs)dX
α
s+
1
2
∫ t
0
Θβγ(Xs)d[X
β, Xγ ]s+
1
2
∫ t
0
Θβj(Xs)d[X
β, Xj ]s
=
∫ t
0
Θvd2Xt. (4)
We observed that the integral
∫ t
0 Θvd
2Xt is well posed. In the sense that it
is based in the
∫ t
0 Θd
2Xt, which has a good definition (see for example Theorem
2.10 in [5] or section 4 in [9]).
Now, since vd2Xt ∈ VXt(E), there is sense in Γ
v(v(d2Xt)). A little bit
more, if θ is a vertical form in E, taking the coordinates (3) we can write
θ(p) = θα(p)dv
α and, consequently,
Γv∗θ(p)=θα(p)(d2vα+Γαβγ(p)dv
β · dvγ+Γαβj(p)dv
β · dvj).
It follows that every tools to define a Itoˆ integral for vertical connections are
well posed.
Definition 4.1 Let E,M be differential manifolds such that there is a smooth
submersion π : E → M . Let ∇E be a symmetric connection, X a semimartin-
gale on E and θ a vertical form on E. We define the vertical Itoˆ integral of
θ along X as
∫ t
0 θd
vXs =
∫ t
0 Γ
v∗θ(vd2Xs). Let (U, x1, . . . , xm, v1, . . . , vk) be a
chart such that (3) is true. Then, locally, the vertical Itoˆ integral of θ along X
is given by
∫ t
0
θdvXs=
∫ t
0
θα(Xs)dX
α
s+
1
2
∫ t
0
Γαβγθα(Xs)d[X
α, Xβ]s+
1
2
∫ t
0
Γαβjθα(Xs)d[X
α, Xj ]s.
One can observe that the vertical Itoˆ integral is well posed because the right
side of the above equality is an integral as (4).
From the Definition above we can define our main object: the vertical mar-
tingales.
Definition 4.2 A semimartingale Xt in E is called a vertical martingale if∫ t
0
θdvXs is a real local martingale for every vertical form θ on E.
Let X be a semimartingale on E and W the anti-development of X in
R
m+k, see for example section 2.3 in [7]. Write W = W1 + W2, where W1
is a semimartingale in Rm and W2 is a semimartingale in R
k. A stopping
time argument assures that we can view a semimartingale X in E in a local
coordinates system. This allows to characterize the vertical martingales in the
following way.
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Proposition 4.1 Suppose that (U, x1, . . . , xm, v1, . . . , vk) be a chart on E such
that (3) is true. Then we are the equivalences:
1. X is a vertical martingale.
2. Xα(t) = Xα(0)+ localmartingale+ 12
∫ t
0
ΓαβR(Xt)d[X
β , XR], α, β = 1, . . . k
and R = 1, . . . , k +m.
3. W2 is local martingale in R
k.
Proof: Let (U, x1, . . . , xm, v1, . . . , vk) be a chart on E such that (3) is true.
Then Xα = vα ◦X and X
j = xj ◦X . It is direct to see that dv
α, α = 1, . . . , k,
are vertical forms. Let M a Rk+m-valued semimartingale defined by
Mα(t) = Xα(t)−Xα(0)−
1
2
∫ t
0
ΓvαβR(Xt)d[X
β , XR]
and
M j(t) = Xj(t)−Xj(0)−
1
2
∫ t
0
ΓvjSl(Xt)d[X
S , X l],
where R,S = 1, . . . ,m+k and ΓvαβR and Γ
vj
Sl are the Christoffel symbols of ∇
v.
By definition of vertical martingale, we are only interested in Mα(t). In fact,
Mα(t) =
∫ t
0 dv
αdvXs. Therefore, the proof is a direct adaptation of proof of
Proposition 2.5.4 in [7] and characterization of martingales in local coordinates
founded at page 37 in [4]. ✷
Our next step is to define a vertical Stratonovich integral. Let U be a chart
in E with coordinates (3). Let θ be a vertical form on E, so in coordinates we
have θ = θαdv
α. It is well known to define the Stratonovich integral we need
to yields a second order form from one form θ. For such, we use the operator
d : T ∗E → τ∗E which is, locally, given by
dθ(p) = θα(p)d
2vα +Dαθβ(p)dv
α · dvβ +Diθα(p)dx
i · dvα.
It is direct to see that dθ belongs to V∗E. Therefore, taking a semimartingale
X in E there is sense in
dθ(p)(vd2Xt) = θα(Xt)dX
α +
1
2
Dαθβ(Xt)d[X
α, Xβ] + +
1
2
Diθβ(Xt)d[X
i, Xβ].
Therefore, for (4), we have a good definition for the vertical Stratonovich inte-
gral.
Definition 4.3 Let E,M be differential manifolds such that there is a smooth
submersion π : E →M . Let X be a semimartingale on E and θ a vertical form
on E along X. We define the vertical Stratonovich integral of θ along X as∫
θδvXt =
∫
dθ(vd2Xt). Let (U, x1, . . . , xm, v1, . . . , vk) be a chart such that (3)
is true. Then, locally, the vertical Stratonovich integral of θ along X is given by
∫ t
0
θδvXs=
∫ t
0
θα(Xs)dX
α
s+
1
2
∫ t
0
Dαθβ(Xs)d[X
α, Xβ]s+
1
2
∫ t
0
Diθβ(Xs)d[X
i, Xβ]s.
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From definition of the vertical Itoˆ and Stratonovich integrals we can show
a change formula between they. In fact, a simple computation in coordinates
gives
Proposition 4.2 For a vertical form θ on E and a semimartingale Xt on E
we have ∫ t
0
θδvXs =
∫ t
0
θdvXs −
1
2
∫ t
0
∇vθ(dX,vdX)s,
where vdX is the vertical projection of dX into V E.
5 The geometric Itoˆ formulas
Our main goal in this section is to construct some tools of the Stochastic Cal-
culus, in a vertical way. More explicitly, we will construct the Itoˆ formulas for
vertical Itoˆ integral and vertical Stratonovich integral. Our ideas are inspired
in [3]. For beginning, we show a version of Proposition 1.8 in [5].
Lemma 5.1 Let E,M be differential manifolds such that there is a smooth
submersion π : E →M , φ : N → E a smooth map and θ a vertical form on E.
Then
(vφ)∗dθ = d((vφ)∗θ).
Proof: We first adopt the coordinates (3). Since θ is a vertical form, follwos
that (vφ)∗θ = φ∗θ. It is direct that (φ∗θ) = (θα ◦ φ)d(vα ◦ φ). Applying the
operator d at (φ∗θ) we compute
d(φ∗θ) = d((θα ◦ φ)d(vα ◦ φ))
= d(θα ◦ φ)d(vα ◦ φ) + (θα ◦ φ)d2(vα ◦ φ)
= φ∗dθαφ∗dvα + (θα ◦ φ)φ∗d2vα
= φ∗(dθαdvα + θαd2vα)
Now the differential of θα is given by
dθα =
∂θα
∂xi
dxi +
∂θα
∂vβ
dvβ .
We thus obtain
d(φ∗θ) = φ∗(
∂θα
∂xi
dxidvα +
∂θα
∂vβ
dvβdvα + θαd2vα).
Since the right side, in coordinates, is φ∗dθ and φ∗dθ = (vφ)∗dθ, because dθ ∈
V
∗E, we conclude that
d((vφ)∗θ) = (vφ)∗dθ.
✷
The result of Lemma above for any first order form is responsible to the
Itoˆ formula for Stratonovich integral (see for example [5] or [9]). Following the
same idea, Lemma above was constructed specifically to show
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Theorem 5.2 Let E,M be differential manifolds such that there is a smooth
submersion π : E →M , φ : N → E a smooth map and θ a vertical form on E.
Then ∫ t
0
θδvφ(Xs) =
∫ t
0
(vφ∗θ)δXs. (5)
Proof: Let Xt be a semimartingale in N and θ a vertical form on E. By
definition of the vertical Stratonovich integral,
∫ t
0
θδvφ(Xs) =
∫ t
0
dθvd2φ(Xs) =
∫ t
0
(vφ)∗dθd2Xs =
∫ t
0
d((vφ)∗θ)d2Xs
=
∫ t
0
(vφ)∗θδXs,
where we used Lemma 5.1 in the third equality. ✷
Beyond the Itoˆ formula for Stratonovich integral the stochastic calculus in
manifolds has another formula for transformation between manifolds: the geo-
metric Itoˆ formula (see for example [3]). Our next purpose is to construct the
geometric Itoˆ formula for the vertical Itoˆ integral. We begin introducing the
second fundamental form, tension field and vertical harmonic map.
Definition 5.1 Let E,M be differential manifolds such that there is a smooth
submersion π : E → M and φ : N → E a smooth map. Suppose that E and
N are equipped with symmetric connections ∇E and ∇N , respectively. Further-
more, denote the vertical connection by Γv. The section αvφ of V
∗E ⊗ φ∗V E is
given by
αvφ = Γ
vvφ∗ − vφ∗Γ
N . (6)
The vertical second fundamental form of φ, βvφ, is the unique section of
(TM ⊙ TM)∗ ⊗ φ∗V E such that αvφ = β
v
φ ◦Q. The tension field of β
v
φ is
τvφ = trβ
v
φ.
We call φ a vertical harmonic map if τvφ = 0.
The following linear algebra lemma shows that βvF is well defined.
Lemma 5.3 Let αvφ be a section of V
∗E ⊗ φ∗V E defined by (6). Then there
exists an unique section βvφ of (TM ⊙ TM)
∗ ⊗ φ∗V E such that αvφ = β
v
φ ◦Q.
Proof: Since KerQ = TM ⊂ Kerαvφ, the lemma follows from the first isomor-
phism theorem (see [11] pp 67). ✷
The following lemma is necessary in the main Theorem of this section.
Lemma 5.4 Under assumptions in Definition 5.1, for each vertical form θ on
E, ∫ t
0
αv∗σ θ d2Xs =
1
2
∫ t
0
βv∗σ θ(dX, dX)s.
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Proof: By definition of βvφ, for each vertical form θ we have
1
2
∫ t
0
βv∗σ θ(dX, dX)s =
∫ t
0
Q∗βv∗σ θ d
2Xs =
∫ t
0
(βvσ◦Q)
∗θ d2Xs =
∫ t
0
αv∗σ θ d
2Xs.
The first equality follows from Proposition 6.31 in [4]. ✷
Let us make a clear observation. Lemma 5.3 assures an existence βvφ, in the
other hand, Lemma 5.4 shows as related the integral of αvφ and β
v
φ. Both results
are vital for the construction of the following geometric Itoˆ formula.
Theorem 5.5 Let E,M,N be differential manifolds such that there is a smooth
submersion π : E → M and φ : N → E a smooth map. Suppose that E and
N are equipped with symmetric connections ∇E and ∇N , respectively. Further-
more, denote the vertical connection by ∇v. If X is an N -valued semimartingale
and θ is a vertical form on E, then
∫ t
0
θdvφ(Xs) =
∫ t
0
φ∗θdNXs +
1
2
∫ t
0
βv∗φ θ(dX, dX)s.
Proof: We calculate
∫ t
0
θdvφ(Xs) =
∫ t
0
(Γv∗θ)vd2φ(Xs)
=
∫ t
0
(Γv∗θ)vφ∗d
2(Xs) =
∫ t
0
vφ∗(Γv∗θ)d2Xs
=
∫ t
0
vφ∗(Γv∗θ)d2Xs +
∫ t
0
ΓN∗(φ∗θ)d2Xs −
∫ t
0
ΓN∗(φ∗θ)d2Xs
=
∫ t
0
ΓN∗(φ∗θ)d2Xs +
∫ (
vφ∗(Γv∗θ)− ΓN∗(φ∗θ)
)
d2Xs
=
∫ t
0 φ
∗θdNXs +
∫
αv∗φ θd2Xs
=
∫ t
0
φ∗θdNXs +
1
2
∫ t
0
βv∗φ θ(dX, dX)s,
where we use Lemma 5.4 in the last equality.
Corollary 5.6 Under assumptions of Theorem 5.5, furthermore, (N, g) is a
Riemannian and ∇g is the Levi-Civita connection on N . If B is a g-Brownian
motion in N and θ be a vertical form on E, then
∫ t
0
θdvφ(Bs) =
∫ t
0
φ∗θdgBs +
1
2
∫ t
0
τv∗φ θ(Bs)ds. (7)
A link between Stochastic Analysis and Differential Geometry is a well known
stochastic characterization of harmonic maps, see for example [4] or [5]. One
can observe that until here we construct analogous tools to show a stochastic
characterization for vertical harmonic maps.
Proposition 5.7 Let E,M be differential manifolds such that there is a smooth
submersion π : E → M . Suppose that E is equipped with a symmetric connec-
tion ∇E and (N, g) is a Riemannian manifold. Denote the vertical connection
by ∇v. A smooth map φ : N → E is vertical harmonic map if and only if φ
sends g-Brownian motions Bt in vertical martingales φ(Bt).
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Proof: Let Bt be a g-Brownian motion in N and θ a vertical form on E. By
formula (7),
∫ t
0
θ dvφ(Bs) =
∫ t
0
φ∗θdgBs +
1
2
∫ t
0
τv∗φ θ(Bs)ds.
We observe that
∫ t
0 φ
∗θ dgBs is a real local martingale. Since Bt and θ are
arbitrary, the Doob-Meyer decomposition assures that
∫ t
0 θ d
vφ(Bs) is a real
local martingale if and only if τvφ vanishes. From the definitions of vertical
martingales and vertical harmonic maps we conclude the proof. ✷
6 Harmonic section
In this section, we work with object that motivate this study: harmonic section.
Before going further, we give the environment for the study of the harmonic
sections.
Let E be a differential manifold and (M, g) a Riemannian manifold such that
there is a smooth submersion π : E →M . Let∇E be a symmetric connection on
E such that π has totally geodesics fibers property and denote by ∇g the Levi-
Civita connection onM . Let V E = ker (π∗) be the vertical distribution and HE
a smooth distribution in TE such that TE = V E⊕HE. Let v : TE → V E and
h : TE → HE be the vertical and horizontal projectors, respectively. Let
Hp = (πp|HpE)
−1 : TxM → HpE be the horizontal lift, where π(p) = x.
We observe that Hp is an isomorphism for each p ∈ E. The submersion
π : E → M is called affine submersion with horizontal distribution if
h∇E
H(X)H(Y ) = H(∇
M
X Y ) (see [1] for more details). A Riemmanian submersion
is a classical example of affine submersion with horizontal distribution.
In this section, unless otherwise stated, we assume that π : E → M is an
affine submersion with horizontal distribution.
Next we extend the definition given by C. M. Wood [13] for harmonic sec-
tions.
Definition 6.1 A section σ of π is called a harmonic section if τvσ = 0.
An immediate consequence of Proposition 5.7 is the characterization of the
harmonic sections in the following stochastic context.
Theorem 6.1 Let E be a differential manifold and (M, g) a Riemannian man-
ifold such that there is a smooth submersion π : E → M . Assume that E is
equipped with a symmetric connection ∇E such that π has totally geodesics fibers
property. Then a section σ of π is harmonic section if and only if, for every
g-Brownian motion Bt in M , σ(Bt) is a vertical martingale in E.
7 Applications
Tangent Bundle with Complete lift
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Let (M, g) be a Riemannian manifold and TM its tangent bundle. To study
the vertical martingales in TM we need to introduce a connection on it. De-
noting by ∇g the Levi-Civita connection we prolong ∇g to the complete lift ∇c
on TM (see [14] for the definition of ∇c). In a nutshell, if X,Y are vector fields
on M , then ∇c satisfies the following equations:
∇cXvY
v = 0
∇cXvY
h = 0
∇c
Xh
Y v = (∇XY )
v
∇c
Xh
Y h = (∇XY )
h + γ(R(−, X)Y,
(8)
where R(−, X)Y denotes a tensor field W of type (1,1) on M such that
W (Z) = R(Z,X)Y for any Z ∈ T (0,1)(M), and γ is a lift of tensors, which
is defined at page 12 in [14]. Furthermore, Xv, Y v and Xh, Y h are the vertical
and horizontal lift of the X,Y on TM , respectively. A direct account shows
that πTM : TM →M is an affine submersion with horizontal distribution.
Proposition 7.1 Let (M, g) be a Riemannian manifold and TM its tangent
bundle equipped with the complete lift ∇c. Let Xt be a semimartingale and
Jt = πTM (Xt) a semimartingale in M . Then Xt is a vertical martingale if and
only if, for each vertical form θ,
∫ t
0
θδvXs −
∫ t
0
θ(δJs)
v +
∫ t
0
θv∗dMJs
is a real local martingale, where θv∗ is the push-forward of θ by the vertical lift
on TM . In the case that Jt is a ∇
M -martingale, Xt is a vertical martingale if
and only if
δvXt = (δJt)
v.
Proof: Let Xt be a semimartingale in E and θ a vertical form on E. Then
from change formula 4.2 we see that
∫ t
0
θdvXs =
∫ t
0
θδvXs +
1
2
∫ t
0
∇vθ(dX, dX)s.
We now calculate∇vθ. Taking a vector field A on E and denoting B = πTM∗(A)
we compute
∇vθ(A,vA) = Aθ(vA) − θ(∇vAvA)
= vAθ(vA) − θ(∇vhAvA),
where we used that ∇v
vAvA = 0 in the last equality. As B = πTM∗(A) we have
vA = Bv and hA = Bh. We thus obtain
∇vθ(A,vA) = Bvθ(Bv)− θ(∇MB B)
v,
due to (9) and definition of ∇v on TM . Denoting the push-forward of θ by
vertical lift as θv∗ we deduce that
∇vθ(A,vA) = B(θ∗vB)− θv∗(∇MB B) = ∇
Mθv∗(B,B).
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Denote Jt = πTM∗(Xt). It follows that
∫ t
0
θdvXs =
∫ t
0
θδvXs +
1
2
∫ t
0
∇Mθv∗(dJ, dJ)s.
We again use the change formula to obtain
∫ t
0
θdvXs =
∫ t
0
θδvXs −
∫ t
0
θv∗δJs +
∫ t
0
θv∗dMJs,
and the proof follows. ✷
Our next step is to use the Proposition 7.1 and Theorem 6.1 to study the
harmonic section of πTM .
Proposition 7.2 Let (M, g) be a Riemannian manifold and TM its tangent
bundle equipped with the complete lift ∇c. Then a section σ of πTM is harmonic
section if and only if vσ∗ is null.
Proof: If vσ∗ is null, it is immediate that σ is harmonic map. Suppose, con-
trary to our claim, that there exist a harmonic section σ of πTM such that vσ∗
is no null. Since σ is a harmonic section, Theorem 6.1 assures that for every
Brownian motion Bt in M we have that σ(Bt) is a vertical martingale. Apply-
ing this in Proposition 7.1 and using the Itoˆ formula for vertical Stratonovich
integral (5) we get
vσ∗δBs = (δBs)
v.
In this way, taking two harmonic sections σ1 and σ2 we have vσ1∗δBs =
vσ2∗δBs, for any Brownian motion Bt inM . However, if σ1 is harmonic section,
then σ2 = 2σ1 is too. So we thus get vσ1∗δBs = 2vσ1∗δBs, a contradiction. ✷
Tangent bundle with Sasaki metric
Let M be a Riemannian manifold and TM the tangent bundle equipped
with the Sasaki metric gs. See for example [6] for a complete study about
Sasaky metric. In therms of vertical and horizontal distribution the Levi-Civita
connection ∇s for Sasaky metric is given by In a nutshell, if X,Y are vector
fields on M , then ∇c satisfies the following equations:
∇sXvY
v = 0
∇sXvY
h = 12 (R(−, X)Y )
h
∇s
Xh
Y v = (∇XY )
v + 12 (R(−, X)Y )
h
∇s
Xh
Y h = (∇XY )
h − 12 (R(−, X)Y )
v,
(9)
where R(−, X)Y denotes a tensor field W of type (1,1) on M such that
W (Z) = R(Z,X)Y for any Z ∈ T (0,1)(M). A simple observation shows that
the vertical connection on TM defined from ∇s is equal to vertical connection
defined from ∇c. Furthermore, πTM : TM → M is an affine submersion with
horizontal distribution. Then, similarly, we have the following results.
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Proposition 7.3 Let (M, g) be a Riemannian manifold and TM its tangent
bundle equipped with the Sasaky metric. Let Xt be a semimartingale and
Jt = πTM (Xt) a semimartingale in M . Then Xt is a vertical martingale if
and only if, for each vertical form θ,
∫ t
0
θδvXs −
∫ t
0
θ(δJs)
v +
∫ t
0
θv∗dMJs
is a real local martingale, where θv∗ is the push-forward of θ by the vertical lift
on TM . In the case that Jt is a ∇
M -martingale, Xt is a vertical martingale if
and only if
δvXt = (δJt)
v.
Proposition 7.4 Let (M, g) be a Riemannian manifold and TM its tangent
bundle equipped with the Sasaky metric. Then a section σ of πTM is harmonic
section if and only if vσ∗ is null.
Principal Riemannian fiber bundle
M. Arnaudon and S. Paycha, in [2], shows that semimartingales in a principal
fiber bundle P (M,G) with G-invariant Riemannian metric k can be decomposed
into G- and M - valued semimartingales. More precisely, a semimartingale X
with values in P (M,G) splits in a unique way into a horizontal semimartingale
Xh and a semimartingale V with values in G such that
X = Xh · V.
Moreover, V is the stochastic exponential
V = ǫ(
∫
ωδX)
and Xh is the solution of the Itoˆ equation
d∇
k
Xh = Hk
X˜
d∇(π ◦X).
Now we induce from the metric k, at each fiber π−1(x), x ∈ M , a metric
kx such that πP : P → M has totally geodesic fibers property. Also we will
induce a metric h in G such that p : G→ π−1(x) ⊂ P is an isometric map, for
each p ∈ P . Let us denote by ∇k,∇x and ∇h the Levi-civita connections on
P, π−1(x) and G, respectively. Observing that ∇k induces a connection ∇x at
each fiber and the vertical connection ∇v coincides with latter in the fibers we
conclude that p is affine maps according ∇h and ∇v.
Our finally goal is to study the vertical martingales in the environment
described above. We begin with necessary Lemma.
Lemma 7.5 If θ is a vertical form on P (M,G) and if A is a vector field on
P (M,G), then at each p ∈ P
∇vθ(A,vA)p = ∇
Gu∗θ(ξ, ξ)g ,
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where A = Ah + ξ, with Ah is the horizontal lift of the π∗(A) and ξ a vertical
vector field, and p = u · g, with u ∈ π−1P (x), x = πP (p), and g ∈ G.
Proof: Let A be a vector fields. It is possible to write A as A = Ah+ ξ, where
ξ is a vector field on G and Ah is the horizontal lift of π∗(A). At each p ∈ P we
compute
∇v∗θ(A,vA)p = Apθ(vA)p − θp(∇
v
AvA(p))
= (Ah + ξ)pθ(ξ)p − θp(∇
v
Ah+ξξ(p))
= ξpθ(ξ)p − θp(∇
v
Ahξ(p) +∇
v
ξξ(p)).
Since ∇k is free torsion, πP has has totally geodesic fibers property and θ is
vertical form, it follows that ∇v
Ah
ξ(p) = 0. Therefore
∇v∗θ(A,vA)p = ξpθ(ξ)p − θp(∇
v
ξξ(p)).
Write p = u ·g. Because each u ∈ P is a diffeomorphism and an affine map from
fiber π−1(x) and G, x = πP (u), we conclude that
∇v∗θ(A,vA)p = u∗ξgu
∗θ(ξg)− u
∗θ(∇Gu∗ξu∗ξ(g))
= ∇G(u∗θ)(u∗ξ, u∗ξ)(g),
and the proof is complete. ✷
The point of the Lemma is that it allows one to see that the dual connection
on the fibers is the one on Lie group. It is the fundamental key to prove the
Proposition 7.6 Let X be a semimartingale in P (M,G). X is a vertical mar-
tingale if and only if V is a ∇G-martingale.
Proof: LetXt be a semimartingale in P such thatX = X
h ·V as was explained
above. Take a vertical form θ on E. By Proposition 4.2,
∫
θdvX =
∫
θδv(Xh · V )−
1
2
∫
∇v∗θ(dX,vdX).
A simple account yields
∫
θδv(Xh · V ) =
∫
R∗V θδ
vXh +
∫
Xh∗θδV =
∫
Xh∗θδV,
where we used in last equality the fact that Xh be a horizontal process and that
every vertical form is the write as fω, where f ∈ C∞(P ) and ω is the connection
form. From this and Lemma above we conclude that∫
θdvX =
∫
Xh∗θδV −
1
2
∫
∇G∗(Xh∗θ)(dV, dV ) =
∫
Xh∗θdGV,
where the last equality is due to change formula between Stratonovich and Itoˆ
integral. Since θ is arbitrary, it follows that X is a vertical martingale if and
only if V is a ∇G-martingale. ✷
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